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Drawbacks of the standard method for solving the problem of internal rotation (IR) in 
molecules with symmetrical tops were examined. The drawbacks can be eliminated by taking 
into account the higher harmonics of the IR potentials. A new calculation procedure based 
on the approximation of the lower portion of the potential curve by the equation V(rp) = 
1/2 ~'~t I - cos n ~p), which describes adequately the arrangement of the torsion levels, was 
proposed. The successfull implementation of the proposed procedure showed that the 
procedures used currently are incorrect as well as the Herschbach procedure, which includes 
a systematic error at each iteration step. 
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In the e lementary  case o f  internal rotat ion (IR),  the 
potential  f imct ion has the form 

V(~) = 1/2 ~(1 --  cos n W), (1) 

where n is the mul t ip l ic i ty  o f  the function in the sectioll 
from 0 to 2n, and tp is a dihedral  angle of  IR. This 
potential  corresponds to rotat ion of  one part of  the 
molecule ,  called "top," in relat ion to another  part, which 
is called "frame". 1 It has been shown 2 that if  the proper-  
ties of  the symmet ry  o f  the top and the  frame are 
specified by numbers  e I and cry, the mult ipl ici ty of  the 
potential  n is de te rmined  by the formula 

n = ( * l "  *2)tm, 

where M is the greatest  c o m m o n  mul t ip le  for the n u m -  
bers e t and ~2- Typical  examples  are presented  in a 
previous publicat ion,  z This  case of  IR  encompasses ,  in 
particular, a large group of  molecu les  for which  cr 1 (or 
e2) is equal to unity. 

The direct  IR  prob lem hacludes f inding the eigenval-  
ues (energy levels) and the e igenvectors  (wave functions) 
for the given potent ia l  ( I) .  The  kinet ic  factor  is specified 
as 

F = F0 + 2Fsc cos k ~, 

where F 0 = h / 87t~clr. 
In the r igid-top approximat ion ,  F = F0; for  such 

problems, by using the Hami l t on i an  o f  the form 
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/t =-F0 02w 1 - -  + ~ V,,(I - casne)w, 
0q~ 2 * (2) 

and by substituting (2) into the Schr6dinger equation, 
we obtain the Mathieu equation 

y"(x) + (b --  S cos2x) y = O, (3) 

where b = 4E/n2F; S = 4~ /n2F;  

x = (nc0 + n)/2; y = ~lJ (q~). (4) 

Then 

AE~..~ = (n/2) 2 F Zxb .... (5) 

v,, = (n/2)2FS. (6) 

Solution of Eq. (3) comprises tabulated eigenvalues b 
= f(S). In a potential well of depth V, each value of the 
parameter S is matched by a defi~iite number of bv,~s 
values, which depend on the vibrational quantum number 
v and the symmetry of the torsion level (s. The field of 
tabulated by, ~ for S, later, zXb~,o = ,.I~(S), was first (histor- 
ically) calculated for small v and n (up to n = 3). 
Previously (see Ref. 1, p. 195), references for the Mathieu 
tables for different n, large S, and high v values have been 
reported; new methods for solution of the Mathieu equa- 
tion for integer and noninteger n have been proposed. 3.4 

Equation (3) holds only for integer n; 2iEv,~r corre- 
sponds to the experimental difference between two par- 
ticular levels with specified n. The reverse problem is 
solved according to the scheme ~E~.o. -~ ~b~.e ~ S --~ 
V,. For the simplest potential ( l ) ,  the IR problem is 
considered to be solved at this stage. The main advan- 
tages of the standard method are simplicity of using 
experimental information and finding the solution itself. 
Note that, according to Eqs. (5) and (6), knowing F, n, 
and AE~, o even for one particular transition enables 
determination of S and V 3. The AEv, ~ value can be 
measured using various experimental methods, IR, Ra- 
man, and microwave spectra, etc. l The solution of the 
problem for acetaldehyde 6,7 and phenol 8,9 molecules 
can be cited as typical examples. The F 0 value was 
calculated from the geometric parameters of molecules 
or estimated directly from the rotational spectra. This 
provides satisfactory results for small molecules. Thus, 
the standard method for molecules with symmetrical 
tops allows fast and simple estimate of the V n barriers 
with an accuracy of ~ 5%, which is the main advantage 
of this method. This procedure is widely used in micro- 
wave spectroscopy for the calculation of V 3 for the 
methyl groups contained in various organic molecules, 
because the rotation constants for these groups depend 
on the symmetry of torsion levels (A, E). It is possible to 
use this dependence and the A / E  splitting value for 
estimating V 3 (see Ref. 1, p. 157). 

However, the above-outlined method for the calcu- 
lation of V n is merely a first-approximation estimate. A 

real V(q0) potential cannot be described by only one 
harmonic. In the general case, multiple harmonics should 
also be taken into account for the flmction V(q~). Her- 
schbach s was the first to develop a standard method for 
taking account of corrections k = V2JVn,  which has 
been repeatedly used in practice, t~ However, this meth- 
od is very inconvenient. The procedure of refinement of 
potential (1) with the help of the correction k = V2,,/V n 
proved to be iterative, and the result obtained at each 
iteration step depended on the initial approximation and 
contained a systematic error. At tempts  have been 
madO ~  to analyze other complications of this meth- 
od. The outcome of these efforts can briefly be formu- 
lated as follows. First, the standard method gives differ- 
ent I/3 values depending on the particular method used 
to calculate the parameter F. Second, the result was 
fotmd to depend on the isotope substitution, i.e., in 
some cases, the V 3 values for the CH 3 and CD 3 groups 
were different. 13 The discrepancy between the experi- 
mental and calculated frequencies remains large and 
sometimes exceeds experimental errors by an order of 
magnitude. 9 In addition, the procedure of refinement of 
the V 6 / V  3 correction 5 is not very convenient  because it 
requires numerous tentative calculations. Other possible 
errors have also been analyzed; l~ this led to the impor- 
tant conclusion that the major error is due to neglecting 
the V 6 value. 

When calculating Ab from Eq. (5), one should take 
into account the numbers n and F, which always intro- 
duce errors. First, this is due to the fact that the Fvalue 
depends on the available structural parameters of a 
molecule, which always contain inaccuracies, and, sec- 
ond, F depends on % However, the most significant 
error is due to the fact that n, which should be an 
integer according to the meaning of expression (l) ,  is no 
longer an integer in Eqs. (4)--(6). In  fact, let the real 
V(qo) potential consist of the sum of only two harmonics 

V(tp) = 1/2 Vn(I - cos toO) + 
+ l/2 V2,(I - cos 2nq0. (7) 

Having calculated the second and fourth derivatives 
of this potential in the point ~ = 0, we obtain 

A = 2 IA2)(q~ = 0) = n2V n + 4n 2 V2n = 
= n2V, (t + 4 k), (8) 

A "B = 21A4)(~ = 0) = n4Vn + 16n4V2n = 
= n4V~ (1 + 16 k), (9) 

where k = V 2 J V  n is much less than unity. Having 
divided Eq. (9) by Eq. (8), we get 

B = n 2 [(1 + 16k)/(1 + 4R)] = (n*) 2. 

Thus, the dependence of this ratio on the multiple 
harmonics V2n "distorts" the B value, which should be 
equal to n 2 at k = 0. In reality, the ratio of these 
derivatives is no longer an integer squared, which can 
easily be taken into account. Let n* = nT, then 
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(n'/n) 2 = ), = (1 + 1 6 k ) / ( 1  + 4k) .  ( 10 )  

Thus,  n appears  in Eqs. (5) and  (6) qot  as an in teger  
but as an  n* value ,  w h i c h  has a m e a n i n g  o f  a ca lculable  
pa ramete r ,  w h i c h  differs f rom the  s y m m e t r y  p a r a m e t e r  

n. [11 real cases, k * 0 and,  hence ,  n * ,  n and  y ~ I. In 
the  ca lcu la t ions  accord iqg  to the  s t anda rd  p rocedure ,  
w h e n  it is necessary to find the  V@) po ten t i a l  in the 
more  precise  form (7), one  should  first ca lcu la te  n*. 
This  cou ld  be done  using exper inaental  da ta  and  Eq. (5) 

Table 1. Comparison of the torsion frequencies (o~ex p and 0~calc/cm - I )  for various 
mo{ecules 

: , .v o 0aexo z3 o~jc ~ Eb~,,~ N* V3*/crn-t 

EtC1 (S = 96.96) 
0--I  A 250,50 250.35 0.15 18.63487 
0-- I  E 250.5~ 251.35 0.15 18.63483 
1--2 A 234.80 234.87 -0.07 17.48231 
I--2 E 234.80 234.89 -0 .09 17.48352 
2--3 A 217.60 217.56 0.04 16.19356 
2--3 E (194.0) 217.89 -0 .06 16.17142 
3--4 ,4 (197.6) 194.16 -0.16 14.45182 
3--4 E 197.53 0.07 14.70288 

• 
CH3CD2CI (S = 97.52) 

0--1 A 247.7 247.11 0.59 18.6914 
0--1 E 247.7 247.11 0.59 18.69[36 
1--2 A 231.7 231.88 -0.18 17.53948 
1--2 E 231.7 231.90 -0.20 17.54063 
2--3 A 214.6 214.86 -0.26 16.25157 
2--3 E 214.3 214.57 -0.27 16.23031 
3--4 A (191.9) 191.96 -0.06 14.51992 
3--4 E (195,1) 195.17 -0.07 14.76248 

• 
Propene (S = 43.81) 

0--1 A 191 191.35 -0.35 12.4699 
0--1 E 191 191.22 -0.22 12.1387 
1--2 A 169.8 169.56 +0.24 10.76405 
l - -2  E 171.8 171.84 +0.04 10.90845 
2--3 A 158.6 158.32 -0.28 10.05015 
2--3 E --  137.88 -- 

• 
2-Fluoropropene (S = 66.42) 

0--1 A I90.47 190.49 -0 .02 15.22596 
0--1 E 190.47 190.48 -0.01 15.22527 
1--2 A 175.12 175.34 -0 .22 14.01536 
1--2 E 175.12 175.55 -0.43 14.03204 
2--3 A 160.0 159.40 0.6 12.74103 
2--3 E 156.6 156.58 0.02 12.51541 

• 
Propylene oxide (S = 74.03) 

0--1 A 200 200.09 -0.09 16.13865 
0--1 E 200 200.09 -0.09 16.13832 
l - -2  A 185.8 t85.34 0.46 14.94926 
1--2 E 185.8 185.45 0.35 14.95768 
2--3 A 168.8 169.21 -0.41 13.64825 
2--3 E 167.5 167.67 -0.17 13.52356 

• 
Thiopropene (S = 105) 

0--1 A 223.6 223.64 -0.04 19.43745 
0--1 E 223.6 223.64 -0.04 19.43743 
1--2 A 210.4 210.47 -0.07 18.29325 
I--2 E 210.4 210.48 -0.08 18.29388 
2--3 A 196 195.79 0.21 17.01718 
2--3 E --  195.65 --  17.00481 

_-+0.09" 

2.2245 1303.4 
2.2245 1303.4 
2.2225 1302.3 
2.2224 1302.2 
2.2236 1302.9 
2.2226 1302.3 
2.2214 1301.6 
2.2240 1303.1 
2.2232" 1302.7(6)* 

2.2538 1292.4 
2.2538 1292.2 
2.2466 1288.2 
2.2465 1288.2 
2.2457 1287.7 
2.2455 1287.6 
2.2477 
2.2476 
2.2484" 1289(2)' 

2.2428 688.9 
2.2443 689.4 
2.2500 691.2 
2.2464 690.0 
2.2509 691.4 

2.2469" 690(1~ 

2.2243 830.9 
2.2244 830.9 
2.2217 829.9 
2.2191 828.9 
2.2329 834.1 
2.2249 836.1 
2.2245" 831(2)" 

2.18257 917.4 
2.18261 917.4 
2.18892 920.1 
2.18769 919.6 
2.17821 915.6 
2.18137 916.9 
2.1836" 918• 

2.0469 1207.9 
2.0469 1207.9 
2.04653 I207.7 
2.04646 1207.6 
2.04943 1209.4 

2.1497" 1208(1)* 

Note. The values in parentheses are inaccurate. * Average. 
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if  S and Ab~,e were known.  This is possib!e only in the  
case where  S can be found independent ly  of  n and F 
(see below).  The  calculat ions  of  n* from exper imenta l  
data  for a series of  par t icular  molecules  conf i rm that  
n* * n (Tables l - -2 ) .  

Let  us cons ider  first of  all the calculations that 
makes  it possible to find both parameters,  V n and V2,,, 
by a s tandard  procedure  provided that n* is used instead 
o f  n. F r o m  Eq. (10), we obtain 

k = l14(y 2 -- 1 ) / ( 4 -  72), 

and Eq. (6) will be t ransformed h~to the new expression 

V~* = (n*/2)2FS = N*FS.  (11) 

F r o m  Eq. (8), we have 

A = n zVn(l + 4k) = (n*) 2Vn*, 

then 

V, = V,*(n*/n) 2 1t(1 + 4 k ) =  
= V,* (1 + 16k)/(l + 4k) 2. (12) 

Tables t - - 2  present examples  o f  calculat ion o f  Ab in 
terms of  this scheme (see Eqs. 10 and l l ) ;  this is 
purposely done for those molecules  that  have been  used 
in the li terature to demonst ra te  t h e  difficulty o f  the 
method,  s-12 We el iminated v i r tua l ly  all of  the  draw- 
backs ment ioned  above, and the ag reemen t  be tween  
experimental  and calculated values for  torsion f r equen-  
cies now comple te ly  corresponds to the accuracy of  the  
experiment .  It should be specially n o t e d  that  the pa ram-  
eters n* prove to be identical for al l  transit ions,  except  
for the higher  transitions, for example ,  3 --+ 4, etc. ,  
which are normally measured in t h e  spectra less accu-  
rately, due to their  low intensity. 

It remains to be explained how o n e  can ca lcula te  the 
S value without  using n or F. The  ca lcu la t ion  o f  Ab f rom 
Eq. (5) does not  give the correct  ansvcer, because we are 
compel led  to use an integer n. However ,  by dividing Eq. 
(5) by (6), we obtain 

~Ev,~/z ,  = ab , , . d s  = z fS)  

(13) 

Table 2. Comparison of the torsion frequencies (0)ex p and 0~catc ) of the phenol molecule 
and its derivatives 

Av c7 ~exp 13 ~calc AO~ Abv: r N" IP2/cm -I 

Phenol (S = 45.27) 
0--1 A 309.0 308.66 0.34 12.36641 
0--1 B 308.8 308.43 0.37 12.35715 
1--2 A 275.4 275.33 0.71 ll.00546 
1--2 B 279.3 279.20 0.40 11.17380 
2--3 A 254.1 254.66 -0 .7  10.20833 
2--3 B (217) 219.84 -0.77 8.72495 

• 
para-d-Phenol  (S  = 

0--1 A 308.9 308.9 0 12.4751 
0-- I B 308.8 308.8 0. l 12.4666 
1--2 A 276.9 275.5 1.4 11.1242 
I--2 B 278.8 279.3 -0 .5  " 11.2807 
2--3 A (251.1) 254.8 -3 .7  10.2894 
2--3 B (217.2) 219.9 --  8.8823 

_+0.5" 
para-F-Phenol  (S  = 

0--I  A 279.1 279.1 0.1 12.1753 
0--1 B 279.0 278.8 0.2 12.1645 
I--2 A 247.1 247.4 -0 .3  10.7953 
I--2 B --  25t.8 -- 10.9864 
2--3 A (219.6) 230.8 -- 10.0701 
2--3 B (187.9) 193.5 --  8.4454 

,_-0.2" 
para-F-Pheno l -OD (S  

0--1 A 211.4 211.6 -0.7 17.3064 
0--I  B 211.3 211.5 0.16 17.3063 
I--2 A 197.3 197.2 0.12 16.1370 
I--2 B 197.4 197.3 0.17 16.1416 
2--3 A (181.2) 181.2 -0.04 14.8329 
2--3 B (180.3) 180.3 -0.02 14.7578 

~-0.11" 

1.1550 I131.3 
1.1550 1131.3 
1.1566 1132.8 
1.1553 1131.6 
1.1505 1126.9 
1.1495 
[.1549(I)" 1130(I)" 

43.75) 
1.1447 t139.0 
1.1455 1139.4 
1.1435 1145.0 
1.1354 1136.9 
--  t122.6 
- -  1124.8 
1.1423(46)" 1135(9)" 

42.58) 
1.0690 1008.6 
1.0700 1009.2 
1.0670 1007.1 

1.0687' 1008" 
= 84.37) 

1.0715 i028.4 
1.0710 1028.0 
1.0725 1029.7 
1.0727 1029.9 

1.0717 
1.0718' 1030(9)* 

Note, The values in parentheses are inaccurate. * Average values. 
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Thus. l,;~ can be immediately calculated if the Svalue 
is known, because A E ~ . j V  does not depend on F. Taking 
account of  expression (13), this can be done without 
using the tabulated values ~b = flS) but by finding new 
functions, Ab : , /S  = f lS) or zXbJ~b~= q~(S), for the 
solutions of the Mathieu equation. Neither of these func- 
tions depends on F This possibility is well realized in 
practice if the solutions of the Mathieu equation are 
employed as modified tables. We also attempted to find 
an analytical expressions for these functions. Analysis 
shows that it is not always possible. The difficulty is due 
to the fact that the relevant curves sometimes have several 
inflection points (i.e., they have several roots) and are not 
monotonic. Nevertheless, for some transitions, the ana- 
lytical expressions were retrieved; they can be used for 
choosing S ms the first approximation. 

Table 3. Calculation of S for the MeCH2CI molecule 

k S t dSl: dS/dX x = Transition 

r i j 

1 96 .58  -0.38 -9.07 1.151 0-1A 2-3A 
2 96.51 -0.45 -2.63 1.29 [ 0- IA 3-4A 
3 97.86 0.89 -16.96 1.079 I-2A 2-3A 
4 96 .77  -0.19 -3.26 1.210 I-2A 3-4A 
5 96 .48  -0.48 --4.49 t.122 2-3A 3-4A 
6 96 .19  -0.77 -8.16 1.153 0-1E 2-3E 
7 96 .84  -0.12 -4.43 1.268 0-1E 3-4E 
8 97.11 0.14 -14.07 1.081 I-2E 2-3s 
9 97.48 0.51 -6.12 1.188 I-2E 3-4E 
10 97.82 0.85 -12.69 1.099 2-3E 3-4E 

96.96" �9 +0.55" 

* Average. 

However, generally, it can be concluded that the 
accuracy of calculation of S from analytical dependences 
is usually not very high but suffices for restricting the area 
of the search for the required solution. It is clear that the 
S values must be identical for all the torsion frequencies 
and for all of their ratios. Hence, a more accurate S value 
can be determined by averaging several such ratios. The 
corresponding programs were composed according to 
which the S value is found as the average of several ratios 
between transitions by using the solutions of the Mathieu 
equation, available from previous publications. 3,4 In prac- 
tice, this approach proved to be convenient for determi- 
nation of S. The CH3CH2CI molecule, for which the 
corresponding calculations tbr S are listed in Table 3, cma 
serve as ml example. The S values found for different 
isotope compositions of this molecule (see Table 1) are 
quite consistent with one another. Thus, in the presence 
of excess information, the calculation of S from the 
~Ei/~,E j ratios for various ex.perimental frequencies makes 
it possible to find S values that do not depend on F and 
are nearly equal for various levels. It is easy to verify that 
the V 3 and V 6 parameters for isotope-substituted sorts of 
the same molecule now coincide to within determination 
errors (see Table 4). Thus, we eliminated the difficulties 
that had previously been involved in the conventional use 
of the standard Mathieu tables. It is rather interesting to 
compare the potential of the new method and the Laane 
method.14 

The meaning of the introduction of the parameter n* 
lies in the fact that to attain a better description of the 
experimental levels, we introduce an effective potential 
with a different period, Le., we actually replace potential 
(7) near the main minimum by an effective potential with 
one harmonic ~,*(l - cos n*~), where n* is a noninte- 

Table 4. Calculated parameters and the V n and V2n values of the molecules suldied 

Molecule F S n" X V~" V n V2n I~ l'?n Reference 

CH3CH2CI 6.043 9 6 . 9 6  2.982 -0.001 1303(6) 1292 -1.3 129l 0 10 
1289 0 13,18 

CH3CD~CI 5.88 97.52 2 .9989  -0.0006 1289(3) 1288.6 -0.3 1289 0 13 
692 0 16 

CH3CH=CIt2 7.01 43.81 2 .9979 -0.00012 6 9 0 ( 1 )  689.5 -0.  l 693.7 -14 21 
711 16 10 
854 0 17 

CH3CF=CH2 5.657 6 6 . 4 2  2 . 9 7 4  -0.0014 8 3 1 ( 2 )  8 2 1 . 4  -1.2 818 4 10 
895 0 12 

CH3CHOCH 2 5.678 7 4 . 0 3  2 . 9 5 5 4  -0.0024 9 1 8 ( 2 )  8 9 9 . 5  -2.2 900 -9  10 
CH3CHSCH3 5.620 1 0 5 . 0  2 . 8 6 1 6  -0.0073 1208(1) 1132.2 -8.3 1140 0 10 
C6H5OH 21.636 45.27 2 . 1 4 8 1  0 . 0 1 3 5  1130(3) 1236.8 16.7 1189 0 8,9 
part-D- 1242.8 0 8 
C6H4OH 21.68 43.75 2 . 1 3 7 6  0.01245 1135(9) 1235 15.4 1188 0 9 
part-F- 21.567 42.58 2.068 0.0059 1008(1) 1053 6.2 1007 0 9 
C6H4OH 
para-F- 11.40 84.37 2.071 0.0061 I031(1) 1078.5 6.6 1034 0 9 
C6H4OD(10) 

Note. The F. V, and V2n values are expressed in cm - I .  
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ger, by equalizing the second and fourth derivatives of 
both potential curves in this region. This technique also 
proved to be convenient Ibr the calculation of thermody- 
namic functions for asymmetrical IR potentials, z~ 

Thus, the standard procedure involving the use of 
integer n was faced with numerous contradictions, be- 
cause real levels correspond to potential (7), i.e., they 
include the terms V2n, V3, ,, etc. It was suggested that the 
parameter n in Eqs. (5) and (6) be regarded as noninte-  
ger. The calculation of n* from experimental data con- 
firmed this conclusion. Hence, the previously used meth- 
ods including the procedure of taking account of the 
correction/r = V2, /V n 5 were inaccurate. It can be seen 
from Eq. (8) that V 6 and V 3 are depe'ndent on each 
other and the correction k = Vr/V 3 cannot be used 
directly, because every new V 6 value distorts the corre- 
sponding V 3 value. This technique was to be applied 
repeatedly, and at each step errors were introduced. The 
outcome can be substantially improved by using n* 
instead of n. In essence, the n* value effectively takes 
into account the influence of higher harmonics. The 
calculation procedure does not involve any fundamental 
difficulties, and the results of calculations correspond 
more accurately to the experimental data. 

Further improvement and perfection of this approach 
are associated with the search for a more accurate de- 
scription of the F(r dependence. This provides the 
possibility of refining the previously determined IR po- 
tentials for molecules with symmetrical tops. This is trite 
not only for molecules with n = 3 (or 2) but also lbr those 
with n = 4, 5, 6, 8, 12, ..., in particular, ferrocene type 
molecules, z2 However, solution of problems of this type 
requires composing Mathieu tables for large n, new 
programs that would take into account more complex 
properties of the level symmetry, etc. 

The authors are grateful to A. V. Abramenkov, A. A. 
Lokshin, Yn. A. Pentin, and V. P. Novikov for assis- 
tance and valuable remarks. 
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